A generalization of the reduced density matrix theory when the number of particles is not fixed is given here. The first and second order reduced density matrices are defined with respect to a Bardeen-Cooper-Schrieffer ground state for molecules with an even number of electrons. This formalism is extended to molecules with an odd number of electrons. Valatin's generalized Hartree-Fock method is applied to the functional of energy. A new one-particle operator, V q , is thus obtained. This operator has two new terms. It takes into account all the correlation effects mainly through a new non-local potential L q -the Exchange and Time Inversion Potential. The operator V q thus correlates the motion of two particles with anti-parallel spins and determines a new set of spin-orbitals. The new set of equations is established and solved by using the MO-LCAO approximation. The method was tested for several molecules with good results. The calculated vertical ionization potentials compare satisfactorily with the experimental data. © 1997 American Institute of Physics. ͓S0021-9606͑97͒01221-X͔
I. INTRODUCTION
In our previous paper 1 we proposed the BardeenCooper-Schrieffer ͑BCS͒ approach 2 in order to take into account in a single and economical way the electron correlation effect 3 in molecules with an even number of electrons.
The first aim of this paper is to develop an alternative, and equivalent, formalism of our method within the framework of the Reduced Density Matrix ͑R.D.M.͒ theory, 4 which clarifies the statistical meaning of our approach.
The second aim of this work is to investigate whether it is possible to obtain a new molecular basis set which would not only follow from the exchange potential, as is the case for the Restricted Hartree-Fock ͑RHF͒ spin-orbitals, but would also reflect the correlation effects. In order to achieve this aim, we have used the generalized Hartree-Fock method 5 proposed in 1961 by J.G. Valatin. In this method, the variational principle is applied for determining the single-particle states corresponding to a trial state vector of the BCS type. Thus, the derived equations involve a new Exchange-Time Inversion Potential.
It is worth noting that the molecular orbitals in Density Functional Theory ͑DFT͒ ͑Ref. 6͒ and in the Multiconfigurational Self Consistent Field ͑MCSCF͒ theory 7 are also deduced from a potential which also takes into account correlation effects. Although aiming at a similar objective, our approach is very different from both the DFT and the MCSCF ones. The third aim of this paper is to extend our method for determining the ionization potentials. For systems with an odd number of electrons, we assume that the non-paired electron is created in the lowest empty molecular orbital. The occupation number of this orbital remains equal to one. This could be a very strong assumption in some cases, since the blockade effect of the odd electron is overestimated.
Section II summarizes the relationship between the first and second order reduced density matrices ͑1-and 2-R.D.M.͒ and the energy. Generally the fermion R.D.M. theory is used within a number-conserving formalism. In order to overcome the fact that the BCS state is not number conserving, the expectation value of the number operator has been forced to take the value n. In small systems this statistical solution does not give completely satisfactory results and the energy calculated will be lower than the exact energy. When the number n of electrons increases, this problem becomes less important and the energy approaches the exact value. Thus, for large numbers of fermions this formalism is a powerful tool for the treatment of electron correlation. This is shown in Sec. III.
Section IV describes our development for obtaining the new one-particle operator V q . The application of the MO-LCAO approximation 8 for solving the new set of equations is also reported here. The procedure for obtaining the ionization potentials is presented in Sec. V. We analyze the results obtained in the calculation of several molecules in Sec. VI.
II. THE ENERGY AND THE DENSITY MATRICES
In the second-quantization framework, the electronic Hamiltonian for a system of n-electrons and N-nuclei may be written as:
in which a q † operating on the vacuum creates an electron in state ͉q͘ and a q annihilates it, ͗q͉h͉qЈЈ͘ is the matrix element (q,qЈЈ) of the kinetic energy and nuclear attraction terms ͑one-electron matrix h), and ͗q 1 1 ,q 2 2 ͉q 1 Ј 1 Ј ,q 2 Ј 2 Ј͘ is the electronic repulsion integral.
Functions ͉q͘ constitute a complete orthonormal set of single-particle wave functions, that is,
͑2͒
We will take restricted spin-orbitals as single-particle state functions ͉q͘, in which q denotes the orbital and is the sign of the spin projection ͑it takes two values ϩ1 and Ϫ1͒.
Let ͉⌿ g ͘ be the ground state of a system. Then, the expectation value of the Hamiltonian is expressed as,
in which
are the 1-R.D.M. and the 2-R.D.M., respectively, both in the (q)-representation within the number-conserving formulation. They are related to each other by,
The diagonal elements of the 1-R.D.M. represent the electronic densities of each spin-orbital ͉q͘. Then, the sum over these elements must be equal to the number of electrons in the system, i.e., 
III. THE 1-R.D.M. AND 2-R.D.M. IN THE BCS APPROXIMATION

A. Molecules with an even number of electrons
We now introduce the quasi-particle operators ␣ q, by the real Bogolyubov transformation: Let us now transform a q, † , a q, into ␣ q, † , ␣ q, operators, whence, the 2-R.D.M. ͑5͒ takes the form:
Taking into account the definition ͑11͒ for the ground state, we find the expression:
͑16͒
Owing to the relation ͑10͒, the functions P q and ⌽ q are related by the equation,
Expression ͑14͒ summarizes the historical development of the solutions for the many-body problem: taking the first term, we get the Hartree approximation. The Fock approximation follows when we add the second term, which takes into account the antisymmetrization of the electronic wave function. Accordingly, it correlates the motion of electron pairs with parallel spins. Finally, Bogolyubov form of the third term 10 accounts for the correlation between pairs of electrons with anti-parallel spins.
The 1-R.D.M. is obtained from eqn. ͑4͒:
͑18͒
Eqns. ͑10͒ and ͑17͒ imply that P q assumes values between 0 and 1, whereas ⌽ q varies from Ϫ1/2 to 1/2. For the extreme values of P q the variable ⌽ q becomes zero and the 1-R.D.M. and the 2-R.D.M. coincide with the respective HF matrices. When the electrons with antiparallel spins are correlated ⌽ q 0, which implies that P q is fractional, thus, allowing the actual occupation of orbitals to depend on the electronic correlation.
Our method will be average number-conserving if one compels the 1-R.D.M. to obey the trace condition ͑7͒. Accordingly,
We can see from eqn.͑19͒ that 2 P q represents the electron density in the spatial orbital q, whereas 2(1Ϫ P q ) represents the hole density for this orbital.
On the other hand, the 1-R.D.M. can also be obtained from the 2-R.D.M. by applying relation ͑6͒:
͑20͒
Since for the BCS function n is not a well defined number, we must notice that the quantity appearing in the denominator of expression ͑20͒ is the average value of operator n , i.e., ͗n ͘.
We know that 2⌽ q 2 increases more slowly than ͗n ͘Ϫ1, therefore when ͗n ͘ is large, the quotient 2⌽ q 2 /͗n͘Ϫ1 tends to zero and q approaches to P q . Whence, for large systems eqn.͑ 18͒ coincides with eqn.͑20͒.
For consistency, we will use the form of the 1-R.D.M. given by eqn.͑20 ͒ for evaluating the total energy according to eqn.͑3͒, since also the matrix h depends on n. By substitution of eqn.͑14͒ and eqn.͑ 20͒ into eqn.͑3͒ one gets the expression for the total energy:
͑21͒
In eqn.͑21͒, the first term is the sum of the electron kinetic and electron-nuclei potential energies. It can be seen that the electron correlation modifies this term directly, since the value of q may now be fractional. The second term in eqn.͑21͒ is the well-known sum of the energies acquired by electrons in the average Coulombic potential field due to all the other electrons.
Finally, the last two terms are due to the correlation of the electrons through their Coulombic interactions. The former is the well-known exchange energy and the latter is a new positive energy that adjusts the correlation of particles with anti-parallel spins. Although this energy is positive, when replacing eqn.͑20͒ into the first term of eqn.͑21͒ the correction introduced by the correlation is larger and negative. Consequently, the total energy is lower than the pure HF energy.
B. Molecules with an odd number of electrons
In molecules with an even number of electrons, the pairs of particles distribute themselves among all available states ͑see eqn. ͑12͒͒. In the case of molecules with an odd number of electrons, we will suppose that an electron is at the nϩ1 2 orbital, corresponding to the lowest un-occupied molecular orbital ͑LUMO͒ of the HF approximation. It will be denoted by the letter f and the letter s denotes the spin. Accordingly, our state function ͉⌿ 0 odd ͘ will be of the form:
͑22͒
According to this working hypothesis the paired electrons are populating all available states, except the f orbital. This is what is known as the blockade effect of the nonpaired particle. 11 Taking into account the eqn.͑9͒ for the operator a f s † , we will just have u f ϭ1 and v f ϭ0. Therefore for the ground state ͑22͒ the expression in terms of quasi-particles becomes
where ͉⌿ 0 ͘ represents the quasi-particle vacuum. We must notice that ͉⌿ 0 ͘ differs from ͉⌿ 0 even ͘ only in the prefixed values of u f and v f .
The reduced density matrices for the state ͉⌿ 0 odd ͘ are
͑25͒
In eqn.͑24͒ the first three terms on the r.h.s coincide with the 2-R.D.M. obtained for a molecule with an even number of electrons. The rest of the terms appear because of the existence of a non-paired particle. It can be observed that these last terms are related only to the HF approximation.
The average value ͗n ͘ and therefore the trace of the 1-R.D.M. must now obey the condition: ͗n͘ϭ2 ͚ q P q ϩ1ϭn. ͑26͒
As we discussed before the 1-R.D.M. can also be obtained by contraction from the 2-R.D.M., and then its expression is:
The magnitude 2 P q represents the electron density in the orbital q, except for orbital f . For the latter, both P f and ⌽ f are equal to zero, therefore its electron density is the unity as can be seen by inspection of eqn.͑25͒ as well as of eqn.͑27͒.
The value of the energy can now be evaluated. Thus by substitution of relations ͑24͒ and ͑27͒ into eqn.͑3͒, one obtains:
In eqn.͑28͒ the first four terms refer to all pair occupied orbitals, and coincide with the expression obtained for the total energy of molecules with an even number of electrons ͑eqn.͑21͒͒. The last three terms of eqn.͑28͒ involve the orbital of the non-paired particle.
IV. THE NEW ONE-PARTICLE OPERATOR FOR SYSTEMS WITH AN EVEN NUMBER OF ELECTRONS
Let us now look for the functions P q and ⌽ q that minimize the functional ͑21͒. They must satisfy the conditions ͑17͒ and ͑19͒, therefore we introduce the Lagragian multipliers q and .
Because of the structure of the BCS state together with the Bogolyubov transformation, all the energy relations involved diagonal elements of the 1-R.D.M.. This means that the method is basis-dependent and one should optimize to the utmost the molecular-orbital basis to be used. The explicit condition of orthonormality ͑2͒ must be introduced into the variation expression through the use of a new Lagrange multiplier, q,q Ј Ј . Therefore, the variation relation is:
Varying this expression with respect to P q and ⌽ q , we reach the equations
Now, taking into account eqn.͑21͒, the variations of the energy are: ͗q͉h͉qͬ͘⌽ q Ј ϭ2C q .
͑33͒
After eliminating the Lagragian multipliers q from eqns. ͑30͒ and ͑31͒ one obtains:
͑34͒
The variation with respect to ͗q͉ only involves the E 0 even and terms. Therefore, recalling expression ͑21͒, the system of equations is
where Ĵ q (1) and K q (1) 
In the definition of the operator L q (1), the time inversion anti-unitary operator Î(2) changes a ket vector into a bra vector and into -, i.e.,
I͉q,͘ϭ͗q,Ϫ͉. ͑37͒
The P 12 operator permutes electrons 1 and 2.
The solution of this variational set of equations will be obtained when the matrix is diagonal. On this condition one has
in which:
V q is a one-particle operator formed by the normal HF operator, F (1), and by two new correlation terms. The first term represents a correction, to the kinetic energy and nuclear attraction one-electron operator ĥ , due to the correlation of particles with anti-parallel spins, and the second term is the new non-local potential just discussed. It is important to note that the operator V q depends on q, therefore a different operator always acts on different orbitals. Integrating over the spin variables and taking into account the results of variations with respect to P q and ⌽ q obtained above, we get the following set of non-linear equations:
͑47͒
Note that eqns.͑40͒ and ͑41͒ are the equations to be solved and eqns.͑42͒, ͑43͒ and ͑44͒ are the restrictions to the solutions.
Let us now expand our spatial orbitals in a fixed basis set:
This is the well-known procedure introduced by Roothaan and Hall 8 to solve the HF equations, in which the molecular orbitals are linear combinations of atomic orbitals ͑MO-LCAO͒. Then, eqn.͑48͒ becomes
where S is the overlap matrix ͉͗͘ and V q () is ͉͗V q ͉͘. The molecular orbital which has the energy q is determined by the coefficients vector c q . The difference with Roothaan's approach is that V q depends on orbital q and that not only the coefficients of the molecular orbitals but also their occupation probability P q must be determined.
The iterative procedure here must be repeated until convergence not only on c q and q but also for P q and ⌽ q .
V. IONIZATION POTENTIALS FOR MOLECULES WITH AN EVEN NUMBER OF ELECTRONS
The ionization of a molecule by photoionization or by electron impact is governed by the Franck-Condon principle, which states that the most probable ionizing transition will be that in which the positions and moments of the nuclei are unchanged. Accordingly we calculated the vertical ionization energy, that is, the energy change corresponding to formation of the ion in a configuration, which is effectively the same as that which is dominant the ground state of the neutral molecule at the equilibrium geometry.
The simplest treatment is based on Koopman's theorem, which states that the ionization potential is given by the HF orbital energy with opposite sign (Ϫ i ), calculated in the neutral system. This approach ignores the relaxation of the molecular orbitals after the ionization. In order to take the orbital relaxation into account the ionization potential is approximated by the energy difference: E SCF ϩ ϪE SCF 0 (⌬SCF potential͒. Nevertheless, both approaches disregard the change in correlation energy associated with the ionization.
This missing correlation effect is considered here by calculating the total energies for ions and neutral molecules in the BCS approximation. Then, the ionization potential is obtained by the energy difference: E BCS ϩ ϪE BCS 0 . To calculate the ionization potentials we have not optimized the orbitals, but only determined functions P q and ⌽ q from the minimal condition of the energy using the RHF orbitals. We have discussed above the case of the neutral molecule, whence, the set of equations to solve are eqns. ͑41͒, ͑43͒ and ͑44͒.
In the case of ions we have systems with an odd number of electrons. The energy extremum condition is similar to that obtained above and leads to:
͑50͒
The value of E q odd is now different from that obtained in eqn.͑46͒, in that the terms referring to orbital f contribute with a HF type term,
͑51͒
The only difference introduced by the extra electron is therefore the extra HF term appearing in the energy which leads to a different occupation number of each level q. P q and ⌽ q continue to be the unknown quantities, except for the f level, for which they are equal to zero. The set of equations must be completed with the restrictions ͑17͒ and ͑26͒.
In the BCS theory the Lagrange multiplier introducing the condition that ͗n ͘ϭn is the chemical potential of the electron system: ϭ␦E 0 /␦n. For molecules, where ͗n ͘ is not sufficiently large the chemical potential concept is not really applicable and it is the ionization potential of the quantity that should be considered.
VI. RESULTS
In Table I we report the values obtained for the total energies ͑PMC͒ of several molecules, at the experimental geometry.
12 These values were calculated using RHF spinorbitals, i.e., without the spin-orbital optimization. For comparison purposes, we have included into this table the results obtained by Pople et al. 13 ͑Gaussian-2 theory͒, Clementi and Hoffmann 14 and P.M.W. Gill et al. 15 ͑Becke and Lee-YangParr functionals ͑BLYP͒͒.
According to Table I the values we have obtained ͑PMC͒ are in general lower than those obtained with the ab-initio approaches of Pople et al. On the other hand, in general they are higher than the Density Functional ͑DF͒ approaches of Clementi and BLYP except for the F 2 and O 2 cases, in which our method clearly appears to overestimate the correlation energy.
In Table II , we report the total energy values without (PMC 1 ) and with (PMC 2 ) the spin-orbital optimization. It is worth noting that the energy improvement is low. It can be seen from eqn. ͑39͒ that the operator V q almost coincides with the Fock operator for the lowest orbitals, since for these orbitals P q is close to unity and ⌽ q is close to zero. These orbitals are precisely those that contribute significantly to the total energy. However, the changes in frontier orbitals and those near to them are important as can be appreciated in Table III , in which the highest occupied molecular orbital ͑HOMO͒ and the lowest un-occupied molecular orbital ͑LUMO͒ in the HF approximation are compared with the corresponding 9th and 10th orbitals in the new method. These changes do not affect significantly the energy, since their energy is small. In all cases the HF energy was calculated from the RHF approximation, using contracted Gaussian basis sets: 6-311G and 6-311G** ͑Ref. 16͒ in Table I , 6-31G** ͑Ref. 17͒ for HCl and H 2 S, and a double zeta basis function 18 for the rest of the molecules, in Table II . We modified the HAVMOL program 19 for PC's to introduce the new method. The equation system was first solved by the gradient projection method 20 and then by an iterative procedure. Table IV shows the new orbital energies q for the HCl molecule. An important feature of the method can easily be appreciated in this table. The virtual orbitals are positive for the RHF method, whereas they are all negative for the new approach . Comparing with the RHF orbital energies, a lowering of the energy is observed for all levels, which decreases the total energy in proportion to their respective densities.
The ionization potentials are reported in Table V . The results are very good and clearly underline the importance of the correlation effects. The most striking results are the N 2 and the Br 2 ones. For these molecules, Koopman's evaluation gives smaller values than the experimental ones, 21 and since the ⌬SCF values are still smaller the resulting values with this method are extremely small. The large variation in the correlation energy involved in the ionizing process is just the cause for this anomalous behavior. All ionization potentials were calculated with a double zeta basis function.
18
VII. CONCLUSIONS
The new method affords a new set of equations to determine new spin-orbitals and their occupation numbers, taking into account the correlation effects.
The single-particle operator which now leads to these orbitals may be considered a generalization of the Fock operator, since it tends to this operator when the 1-and 2-R.D.M. tend to the RHF density matrices.
The new non-local potential, L , called the ExchangeTime Inversion Operator correlates the electrons which populate the states with anti-parallel spins.
The new one-particle operator modifies the frontier orbitals and those near to them which may influence the transition probabilities. On the other hand, the internal spinorbitals do not undergo any noticeable relaxation consequently the lowering in the orbital energies is very small. The expression obtained for the total energy contains two new terms. In one term appears the electron interaction with nuclei, and in the other, the Coulombic interaction among electrons. The latter is positive, but the former is negative and dominant.
It has been shown here that, as the number of electrons increases, the non-conservation of the number of the electrons becomes a less important problem, and that for large systems it can be disregarded.
The asymptotic form of the 1-R.D.M. for large values of the number of electrons has also been shown to coincide with that of the 1-R.D.M. when the number of electrons is fixed. Therefore, this approach shows that a generalization of the reduced density matrix theory is possible when n does not have a fixed value, if it is replaced by its average value.
The application of the MO-LCAO procedure appears to be an adequate method to solve the new set of non-linear equations as illustrated in the calculated molecules.
Our approach only conserves the number of particles in an average way, in consequence the total energies of molecules are overestimated for small systems. In contrast, for relative energies, such as ionization potentials, a very good agreement with the experimental values is obtained with this approach. All computed ionization potentials confirm the suitability of the method in particular for these kind of studies.
Although the wave function for systems with an odd number of electrons seems to give very good results for relative energies we are aware that the blockade effect of the odd electron is very much overestimated. This can be appreciated by analyzing the results obtained for three di-chlorine compounds involving consecutive elements in the periodic table -the Berylium, the Boron and the Carbon. Indeed the correlation energy should augment with the atomic number and yet as can be appreciated in Table VI the correlation energy obtained with our wave function for the BCl 2 is too low when compared with that obtained for the BeCl 2 and CCl 2 . 
